For atmospheric and oceanic modeling, the equations of motion are numerically solved in either momentum form or vorticity form. Since vorticity is a conservative quantity in the Lagrangian sense, it has been considered that the vorticity form discretization scheme is more appropriate for the simulation of atmospheric and oceanic flows. However, it requires a Poisson solver to obtain the streamfunction from the vorticity: the use of a Poisson solver is thought to be a drawback for high-resolution atmospheric and oceanic modeling. In contrast, a Poisson solver is not required if the momentum form discretization scheme is applied to compressible flows. In this study, we propose a new advection scheme which possesses the advantages of both schemes: conservation of vorticity and no need for a Poisson solver. Both velocity components and vorticity are temporally integrated using the semi-Lagrangian method by constructing a unified interpolation function for velocity components and vorticity. We apply this scheme to a two-dimensional shear instability problem, and have found that this scheme gives a result competitive with the vorticity form scheme and is more accurate than the momentum form scheme.
Introduction
Continuous efforts are being devoted to the development of an accurate advection scheme for fluid motions. Since atmospheric and oceanic flows are characterized by flows with vorticity, the accurate calculation of vorticity is one of the desired elements of advection schemes used in atmospheric and oceanic modeling (1) . In general, the equation of momentum in atmospheric and oceanic models is solved either in the form of a vorticity equation or in the form of equations for velocity components. In this paper, we call the former the vorticity form scheme, and the latter the velocity form scheme. Since vorticity in nondivergent flows is a conserved quantity in the Lagrangian sense, advection is more accurately calculated if the vorticity form scheme is used with the semi-Lagrangian scheme (hereafter, SL scheme) for vorticity rather than the velocity form scheme. The vorticity form scheme requires a Poisson solver to obtain the streamfunction; In recent years, it has come to be considered that the use of a Poisson solver is a drawback for high-resolution parallel computing. In contrast, the SL scheme for velocity components generally gives less accurate results since velocity is not a conserved quantity in the Lagrangian sense. In the case of compressible flows, however, velocity is explicitly integrated without using a Poisson solver, so that the velocity form scheme is more advantageous for high-resolution atmospheric and oceanic modeling (2) . The CIP (Cubic-Interpolated Propagation) scheme is characterized as the semi-Lagrangian advection calculations of both a physical quantity and its spatial derivatives. In two-dimensional problems, for example, in addition to a prognostic variable q, its derivatives ∂q ∂x and ∂q ∂y are also temporally integrated (3) . In general, prognostic equations for these derivatives contain additional source terms. For instance, given a prognostic equation for q as ∂q ∂t
where u is velocity and S is a source term, the equation for its x-derivative is written as ∂ ∂t
Two source terms appear on the right-hand side. Since no guiding principle exists for the discretization of these terms in general, they may introduce discretization errors.
In the present study, we choose a physically meaningful spatial derivative, vorticity, as an additional prognostic variable in order to avoid numerical errors generated from the desicretization of the source terms. Vorticity itself is an important quantity for the analysis of atmospheric and oceanic flows. We note that vorticity is a conservative quantity in the Lagrangian sense. It should be noted that there are two meanings for the conservative properties of fluids. If equations for fluid quantities are written in the flux form without any source terms, the volume-integral quantities are conserved. This kind of conservative property is guaranteed in numerical schemes if a flux form scheme is used such as the finite volume method. The other conservative property is that in the Lagrangian sense, where a quantity is conserved along fluid trajectories and the Lagrangian derivative of the quantity is equal to zero. Passive scalars are representatives of Lagrangian conservative quantities, and vorticity in nondivergent frictionless fluids is also a Lagrangian conservative quantity. This second kind of conservative property is achieved in numerical schemes if the SL scheme is used. In this case, however, numerical diffusion is inevitably introduced to interpolations associated with the SL scheme. Thus, the Lagrangian conservation is not exactly guaranteed in the SL scheme, so it should be argued in terms of computational accuracy.
In this paper, we propose an new accurate advection scheme that has the advantages of both the vorticity and velocity form schemes: We construct a new advection scheme that conserves vorticity in the Lagrangian sense, and does not require a Poisson solver. The conservation of vorticity is achieved by using the SL scheme for the calculation of advection of vorticity. Since vorticity is a combination of differentials of the velocity components, we can construct a unified interpolation function with respect to velocity components and vorticity. By explicitly integrating velocity components, a Poisson solver is no longer required in this scheme. We apply this scheme to a two-dimensional shear instability problem that contains a nonlinear evolution of vorticity. We also argue for the extension of this method to more general flows in the atmosphere and oceans.
The purpose of the present study is to improve the velocity form scheme, which is being adopted in current atmospheric and oceanic models, by taking account of the Lagrangian conservative property of vorticity. We do not intend to develop a scheme to overcome the vorticity form scheme, since it is readily recognized that the vorticity form scheme is most accurate if the same order of discretization as the velocity form scheme is used. We evaluate the accuracy of the new scheme by comparing it with those of the conventional velocity form scheme (referred to as the UV-method in this paper), and the vorticity form scheme (referred to as the Z-method in this paper).
Governing Equations
The ultimate goal of this study is to develop an accurate advection scheme which does not require a Poisson solver. We aim to apply a new scheme to compressible motions in the atmosphere and ocean (2) , (4) (in the oceanic case, the barotropic mode that has a free surface behaves as a divergent flow). In general, a Poisson solver is required to obtain velocity components from vorticity if the vorticity form scheme is used. In addition, while a Poisson solver is also required to obtain pressure in nondivergent fluids, it is no longer required if compressible flows are solved with explicit schemes. We propose a new scheme which does not need the first type of Poisson solver to obtain velocity components from vorticity. If this scheme is extended to compressible flows, we will not need the second type of Poisson solver for pressure.
In this paper, however, as a first step to the ultimate application to compressible atmospheric and oceanic motions, we concentrate on the accuracy of advection schemes. To this end, we consider a two-dimensional nondivergent fluid in this paper. This means we need the second type of Poisson solver to obtain pressure. We will discuss in the final section the extension of this scheme to compressible flows without any Poisson solvers. Here, we consider a shear instability problem in a two-dimensional nondivergent flow. In the shear instability problem, the nonlinear evolution of vorticity is observed following the linear development of an initial perturbation. To numerically solve the shear instability, the advection of vorticity must be accurately calculated.
The governing equations of a two-dimensional nondivergent fluid without dissipation are given in velocity form as
where u and v are the x-and y-components of velocity, respectively, and φ is pressure divided by constant density. The Lagrangian derivative is given by
u and v are constrained by the nondivergent condition:
From the above equations, the vorticity equation is derived as
where vorticity ζ is related to velocity components u, v and the streamfunction ψ as * 1
∂y 2 is the two-dimensional Laplacian. From (7), vorticity is conserved in the Lagrangian sense.
If the velocity form equations, (3) and (4), are numerically solved, u and v are temporally integrated. In this case, the Poisson equation for φ must be solved (e.g., by use of the Marker-and-Cell (MAC) method). If one extends this scheme to shallow water motions or compressible atmospheric motions, the Poisson solver is no longer required if explicit schemes are used. In the vorticity form, (7) is temporally integrated for vorticity, and the streamfunction must be obtained at each time step by solving the Poisson equation (8).
Construction of an Interpolation Function
In this study, we devise a velocity form numerical scheme in which the conservation of vorticity is numerically guaranteed in the Lagrangian sense. We define u, v and ζ at the same grid points (co-allocation grids), and construct an interpolation function within a cell from values at four grid points at the corners of the cell (Fig. 1) . Let the grid interval in the x-direction be ∆x, and that in the y-direction be ∆y, and define the origin (0,0) at the center of the cell, abcd. We use the semi-Lagrangian method for advection of u, v, and ζ and obtain the departure point at one time step before the present time step. Values at the departure point of these quantities are calculated as values of the interpolation function at the point.
Let us consider the case when the two components of velocity at point a in Fig. 1 are positive:
The coordinates of point a are given by ∆x 2 , ∆y 2 . We limit our consideration to the case when the Courant condition is satisfied: u a ∆t ∆x < 1 and v a ∆t ∆y < 1, where ∆t is time interval. At one time step before the present time step, the departure point is positioned within the upstream cell abcd. We define an interpolation function for the streamfunction within abcd by the following polynomials of the fourth degree: 
which is the aspect ratio of the cell intervals. From (11), (12), and (13), we obtain
We want to express the coefficients (B,C,
). Since we have only 12 constraints for 14 unknowns, we cannot determine all the values. The following coefficients are, however, determined without arbitrariness:
The coefficients D and F are expressed by using K, M, and P as
For the remaining three coefficients, K, M, and P, we introduce further control parameters:
In this case, we obtain
and P = αK, M = βK. In section 5, we examine the numerical results in terms of dependency on the control parameters α and β, and we mainly use α = 1 from the symmetry of x and y and β = 0. As a special case, let us assume that the terms proportional to x 2 and y 2 drop out in the equation of vorticity (13), that is, 
From these constraints, we obtain
Under these conditions, the interpolation function for vorticity becomes linear to x and y. Thus, we expect that the scheme will have poor computational accuracy. In section 5, we show a result of this case, for comparison.
Time Integration Method
We apply the above numerical scheme to a twodimensional shear instability problem in the next section. We compare the following three methods: 1. temporal integration for vorticity (Z-method), 2. temporal integration for velocity components (UV-method), 3. temporal integration for both velocity components and vorticity (ZUVmethod). The third method, the ZUV-method, is the new scheme presented in this study. The Z-method and the UV-method are conventional schemes which are widely used, and these are chosen for a comparison of the numerical accuracy in terms of advection calculation. In order to discuss the difference between the interpolation methods, we use the time integration scheme described in the following.
Let us consider time integration at point x p = (x p ,y p ). Velocity components u, v, vorticity ζ, pressure φ, and streamfunction ψ are defined at the same points (coallocation grids). In the case of the Z-method, vorticity ζ is temporally integrated (7) by the SL scheme, that is
The value on the right-hand side is given by a cubic interpolation polynomial constructed from 10 points around the point p. * 2 The velocity used for calculation of the departure point is given by the extrapolated value at time t +∆t/2:
The streamfunction ψ is calculated from vorticity by solving
and the velocity components are given by
The second-order central difference is used for spatial discretization. In the case of the UV-method, the velocity form equations (3) and (4) are temporally integrated. We use the fractional step method in which the advection of velocity and calculation of pressure gradient are separately integrated. The advection step consists of the SL scheme for velocity components:
(u * p ,v * p ) are temporary values needed to obtain values at the new time step n + 1. Values on the right-hand side are given by using cubic interpolation functions for velocity components u and v, similar to the Z-method: 10 point values of u and v around point p are used to construct the interpolation polynomials. In the next step, the effects of the pressure gradient are added to update the new values * 2 In the case of u p > 0, v p > 0, we use values at points (i, j),
, and (i−1, j+1) to construct interpolation functions, where (i, j) denotes the indices of point p.
of the velocity components. Using (u * p ,v * p ), the velocity components at the n + 1 step are given by
In these equations, the new value of pressure φ n+1 is calculated with the MAC method, that is, pressure is given by solving the Poisson equation:
In the third case, the ZUV-method, advection of u, v, and ζ is calculated using the SL scheme (23), (24), and (19) . The values at the departure point are specified using the interpolation function (10) described in the last section. After that, the effects of the pressure gradient are added using (25) and (26) in the same way as the UVmethod.
The degree of the interpolation functions with respect to vorticity is cubic for the Z-method and quadratic for the ZUV-and UV-methods. In this sense, it is expected that the Z-method will give the most accurate result. The drawback of the Z-method is the use of a Poisson solver to obtain the streamfunction. Although the UV-method and the ZUV-method still require a Poisson solver to obtain pressure, it will be explicitly calculable if this system is extended to compressible atmospheric models or to freesurface oceanic models.
Application to Shear Instability Problem
We numerically calculate the nonlinear development of shear instability in a basic flow U = tanhy. Initial condition is a most unstable mode of the linear instability problem with an amplitude of 0.1 added to the basic flow. The domain in the x-direction is one wavelength of the most unstable mode: the domain lengths are L x = 13.9 and L y = 12.8 in the x-and y-directions, respectively. The number of grid points in each direction is the same, and is denoted by N. Total grid number is N × N. We mainly examine the case in which N = 64. The time interval is set to ∆t = 0.1/(N/64). Figure 2 shows the initial distribution of vorticity. Since this is a nonlinear problem and there is no analytic solution, we use a result from a higher resolution run with N = 512 as a reference solution that can be regarded as an exact solution. Figure 3 shows distribution of vorticity at t = 30 obtained with the Z-method and N = 512. This shows a spiral involution of vorticity, a typical structure for the shear instability problem. Figure 4 shows vorticity distributions at t = 30 obtained with three different methods: (a) the Z-method, (b) the UV-method, and (c) the ZUV-method (α = 1 and β = 0 in (15)). While a dipole structure having two maximums of vorticity can be seen in the central region 5 ≤ y ≤ 7 in the case of the Z-method, only one maximum at the center of the domain exists in the cases of the other two methods. These differences are clearly seen in Fig. 5 , which shows profiles of vorticity along x = L x /2 = 6.95. The two maximums of the Z-method are located at around y = 6.0 and 7.0. The maximum value of the UV-method is much smaller than that of the ZUV-method. For the ZUV-method, the numerical results may depend on the parameters α and β in (15). We have found that the interpolation function for ζ becomes linear in the case of (18). Figure 6 shows the vorticity distribution for α = α 0 = 0.719 0 and β = β 0 = −5.087 9 (r = 1.085 937 5). In contrast to Fig. 4 , the vorticity structure is more diffusive in this case, particularly in the spiral bands of the peripheral region. The peak value is 0.891 957 at t = 30, and is much smaller than its initial value. We have found that the maximum values of vorticity at t = 30 are not less than 0.98 in the cases with α > 0.74 and β = β 0 or β > −5.00 and α = α 0 . On the other hand, in the parameter ranges with These results are limited to the specific shear instability problem used in this study, and do not lead to a general conclusion. We use α = 1 and β = 0 in the following comparison. Figure 7 shows the time sequences of change in the maximum values of vorticity and enstrophy (i.e., domain average of square of vorticity) in 0 ≤ t ≤ 30. Since vorticity is a Lagrangian conservative quantity, both the maximum value of vorticity and enstrophy are theoretically conserved. Deviations from their initial values are due to numerical effects. At this resolution, the initial value of the maximum of vorticity is 0.996 230, and that of enstrophy is 0.103 764. At t = 30, the maximum values of the Z-and ZUV-methods are larger than the initial value. This comes from the oscillatory behavior of this scheme. The Z-method and the ZUV-method give similar degrees of accuracy, and are superior to the UV-method. Regarding enstrophy, the Z-method shows a more rapid decrease in t > 15 compared with the ZUV-method, though the ZUVmethod is slightly more decreased than the Z-method in the shorter time range of t < 15. Note that the decrease in enstrophy of the Z-method is partly derived from numerical errors due to the trajectory calculation. It was found that enstrophy change from its initial value is reduced to −0.007 7 if the departure points are iteratively obtained for the SL scheme. The oscillatory behavior of the maximum value of vorticity shown in Fig. 7 can be avoided by introducing a limiter on vorticity. In the case of u a > 0 and v a > 0 as shown in Fig. 1 , for instance, vorticity is corrected by and β = −6r
where ζ * is a temporary value calculated with the SL scheme (19). The result obtained with the limiter for the ZUV-method is compared with that obtained without the limiter in Fig. 8 : the profile of vorticity along x = L x /2 = 6.95 at t = 30. It is found that the limiter effectively smoothes out the oscillatory behavior of the vorticity and that the maximum value of vorticity monotonically decreases slightly (figures are not shown here); if the limiter is used, the maximum value of vorticity is 0.995 386 at t = 30, which is slightly less than the initial value (0.996 230). Although the central region is flattened, the spiral structure remains almost the same as that without limiter. Dependency on the spatial resolution is displayed in Fig. 9 for the Z-, UV-, and ZUV-methods: the ZUVmethod is for α = 1, β = 0, and the case with the limiter on vorticity. This shows the following two norms at time t = 10:
where we varied N = 64, 128, 256, and 512, and ζ Z512 is the numerical result for the Z-method with N = 512. We assume that ζ Z512 represents the exact solution. In these formula, the difference in vorticity is evaluated at the same grid points of each resolution N. The figure shows that the L 2 -norms of the Z-and ZUV-methods are at similar levels and are much smaller than that of the UV-method. Regarding L ∞ , the errors of the Z-method become smaller than those of the ZUV-method as the resolution becomes finer.
Summary and Discussion
We have developed a new advection scheme by improving the conventional velocity form scheme which has been adopted to high-resolution atmospheric and oceanic models in recent years. The new scheme is based on the semi-Lagrangian scheme for velocity components and vorticity, and has the advantages of both the velocity form equations and the vorticity form equation: that is, it utilizes the conservative property of vorticity in the Lagrangian sense and it does not require a Poisson solver to obtain the streamfunction. We refer to this scheme as the ZUV-method in this paper. We apply the ZUVmethod to the two-dimensional shear instability problem, and compare the results with those obtained using the conventional schemes, that is, the semi-Lagrangian scheme for vorticity (the Z-method), and the semi-Lagrangian scheme for velocity components (the UV-method). In terms of the degree of interpolation polynomials, the Zmethod has the highest accuracy. In contrast, neither the UV-method nor the ZUV-method require a Poisson solver to obtain the streamfunction from vorticity. In this paper, however, we consider a nondivergent flow, so that we use the Poisson equation to obtain pressure. If we consider compressible atmospheric flows or free surface oceanic motions as an extension of this study, we can explicitly integrate the momentum without a Poisson solver.
The new scheme has a temporal integration method similar to the UV-method. Our purpose is to improve the UV-method in terms of the accuracy of advection. It should be remembered that we do not aim to overcome the Z-method. The numerical results show that the ZUVmethod gives better accuracy than the UV-method. Evolutions of the maximum value and the square of vorticity are almost comparable between the Z-and ZUV-methods. The Z-method captures the fine spiral structure of vorticity in the central region, which is not resolved with the ZUVmethod: this implies the superiority of the Z-method.
The advantage of the ZUV-method is that it does not require a Poisson solver to obtain the streamfunction. Another advantage is that the interpolation function can be constructed within a cell surrounded by four grid points, similar to the CIP schemes (Fig. 1 ). This will enable easier treatment of boundary conditions, and will also lead to the efficient performance of parallel computation.
The UV-and ZUV-methods used in this study are based on the fractional step method in which advection terms and non-advection terms are separately integrated. It is known that this method causes a degeneration of temporal accuracy (5) . To achieve more accurate results, the pressure gradient terms should be evaluated on trajectories following the standard methods used in the SL scheme (6) , combined with a more accurate determination of departure points.
Although this study is only limited to twodimensional nondivergent flows, the new scheme can be extended to more realistic flows and complicated cases. For shallow water equations, (that is, the two-dimensional divergent flows,) if we use divergence as a prognostic variable in addition to the vorticity and velocity components, we can construct similar unified interpolation functions. With this approach, we will develop a vorticity conservation scheme without any Poisson solvers. We are now studying this next approach. For application to nonhydrostatic models or three-dimensional stratified flows, this study may be extended by using the potential vorticity, that is a Lagrangian conservative quantity in threedimensional flows, to construct the interpolation functions of velocity. It is also interesting to extend this scheme to a new generation atmospheric model using the icosahedral grids (7) , (8) . To achieve this goal, however, many issues remain to be resolved; for instance, we must construct interpolation functions in unstructured grids using triangle meshes, which may be formulated with area coordinates (9) .
